Introduction
The present paper is a third part of our series on fibre bundle formulation of nonrelativistic quantum mechanics. It is a direct continuation of [1, 2] .
The work is organized in the following way. The bundle description of the different pictures of motion is presented in Sect. 2. The Schrödinger picture, which, in fact, was investigated in [1, 2] , is reviewed in Subsection 2.1. To the bundle Heisenberg picture is devoted Subsection 2.2. The corresponding equations of motion for the observables are derived and discussed. In Subsection 2.3 is investigated the 'general' picture of motion obtained by means of an arbitrary linear unitary bundle map (along paths). In it are derived and discussed different equations for the state sections and observables.
In Sect. 3 are investigated problems concerning the integrals of motion from fibre bundle point of view. An interesting result here is that a dynamical variable is an integral of motion iff the corresponding to it bundle morphism is transported along the observer's world line with the help of the (bundle) evolution transport.
Sect 4 closes the paper.
The notation of the present work is the the same as the one in [1, 2] and will not be repeated here.
The references to sections, equations, footnotes etc. from [1, 2] are obtained from their corresponding sequential reference numbers in [1, 2] by adding in front of them the Roman one (I) or two (II), respectively, and a dot as a separator. For instance, Sect. I.5 and (II.2.7) mean respectively section 5 of [1] and equation (2.7) (equation 7 in Sect. 2) of [2] .
Below, for reference purposes, we present a list of some essential equations of [1, 2] which are used in this paper. Following the above convention, we retain their original reference numbers.
γ (s, t), (I.5.14)
Bozhidar Z. Iliev: Bundle quantum mechanics. III Bellow we consider certain problems connected with these special representations of the motion of a quantum system from the developed here fibre bundle view-point on quantum mechanics.
Schrödinger picture
In fact the (bundle) Schrödinger picture of motion of a quantum system is the way of its description we have been dealing until now [1, 2] . Let γ : J → M be the world line of an observer. The state of a system is described by a (state) section Ψ γ ∈ Sec (F , π, M )| γ(J) which, possibly, may be multiple-valued; at the moment t it is represented by the state vector Ψ γ (t) := Ψ γ | γ(t) . It is generally a variable in time quantity evolving according to the bundle Schrödinger equation (II.2.24).
In this description to any dynamical variable A A A there corresponds a unique bundle morphism A along paths over (F , π, M ). With respect to the observer at γ(t) it reduces to A γ (t) which generally depends on t nevertheless that in the Hilbert space description the observable can be timeindependent. It (or its evolution) is explicitly given by (II.3.1).
Geometrically the bundle morphisms of (F , π, M ) 'live' in the fibre bundle morf(F , π, M ) := (F 0 , π 0 , M ) of bundle morphisms of (F , π, M ) introduce by [6, equations (3.9) and (3.10)]:
for the unique x B ∈ M for which B :
A morphism A along paths is represented with respect to a given observer by, maybe multiple-valued, morphism
Summing up, in the bundle Schrödinger picture (in the general case) both the state vectors and the dynamical variables change with time in the above-described way in the corresponding fibre bundles.
Heisenberg picture
Below we present two different ways for introduction of bundle Heisenberg picture leading, of course, to one and the same result. The first one is based entirely on the bundle approach and reveals its natural geometric character. The second one is a direct analogue of the usual way in which one arrives to this picture.
According to [7, section 3] any linear transport along paths is locally Euclidean, i.e. along any path there is a field of bases in which its matrix is unit. In particular, along γ : J → M there exists a set of bases {ẽ γ a (t)} − basis in F γ(t) in which the matrix of the bundle evolution operator U γ (t, s) is U γ (t, s) = 1 1. Explicitly one can putẽ γ a (t) = U γ (t, t 0 )e γ a (t 0 ), where t, t 0 ∈ J and the basis {e γ a (t 0 )} in F γ(t 0 ) is fixed [7, proof of proposition 3.1]. 1 Because of (I.5.9), (II.2.20), and (II.2.21) this class of special bases along γ is uniquely defined by any one of the (equivalent) equalities:
So, in such a special basis the matrix-bundle Hamiltonian vanishes and, consequently (see (II.2.11)), the components of the state vectors remain constant in time t, i.e. Ψ γ (t) = const, but the vectors themselves are not necessary such.
In {ẽ γ a (t)} the components of A γ (t) are
Hence the matrix elements of A γ (t) in {ẽ γ a (t)} coincide with those of A H γ,t (t 0 ) in {e γ a (t 0 )}. Consequently, due to (I.2.11), (II.3.2), (II.3.3), and (I.5.14), the mean value of A (along γ) is
So, the mean value of A γ (t) in a state Ψ γ (t) is equal to the mean value of A H γ,t (t 0 ) in the state Ψ γ (t 0 ). Taking into account that the only measurable (observable) physical quantities are the mean values [5, 3, 8] , we infer that the descriptions of a quantum system through either one of the pairs (Ψ γ (t), A γ (t)) and (Ψ γ (t 0 ), A H γ,t (t 0 )) are fully equivalent. The former one is the Schrödinger picture of motion, considered above in Sect. 2.1. The latter one is the bundle Heisenberg picture of motion of the quantum system. In it the time dependence of the state vectors is entirely shifted to the observables in conformity with (2.4). In this description the (bundle) state vectors are constant and do not evolve in time. On the contrary, in it the observables depend on time and act on one and the same fibre of (F , π, M ), the one to which belongs the (initial) state vector. Their evolution is governed by the Heisenberg form of the bundle Schrödinger equation (II.2.24) which can be derived in the following way.
Substituting (I.5.10) and (II.3.1) into (2.4), we get
is the Heisenberg operator corresponding to A(t) in the Hilbert space description (see below). A simple verification shows that
Here (∂A/∂t) H t (t 0 ) is obtained from (2.7) with ∂A/∂t instead of A and 
in which all quantities with subscript γ are defined according to (2.6) . This is the bundle equation of motion (for the observables) in the Heisenberg picture of motion of a quantum system. It determines the time evolution of the observables in this description. Now we shall outline briefly how the above results can be obtained by transferring the (usual) Heisenberg picture of motion from the Hilbert space F to its analogue in the fibre bundle (F , π, M ).
The mathematical expectation of an observable A(t) in a state with a state vector ψ(t) is (see (I.2.11), (I.2.5), and (I.5.4))
Combining this with (2.7), we find:
Thus the pair (ψ(t), A(t)) is equivalent to the pair (ψ(t 0 ), A H t (t 0 )) from the view-point of observable quantities. The latter one realizes the Heisenberg picture in F. In it the state vectors are constant while the observables, generally, change with time according to the Heisenberg form (2.8) of the equation of motion.
The bundle morphisms along paths corresponding to A and A H t (t 0 ) are defined (see (II.3.1)), respectively, by A γ (t) = l −1 γ(t) • A(t) • l γ(t) and (see (2.7) and (I.5.10)) 
the latter of which is exactly the one entering in (2.10). Now it is a trivial verification that the morphisms A H γ,t (t 0 ) satisfy the bundle Heisenberg equation of motion (2.10).
Thus the both approaches are self-consistent and lead to one and the same final result, the bundle Heisenberg picture of motion.
According to the above discussion, in the bundle Heisenberg picture the state of a quantum system is described by a constant state vector
and generally changing in time observables A H γ,t (t 0 ) ∈ π −1 0 (γ(t 0 )) (see the notation at the end of subsection 2.1). If ∂A/∂t = 0, which is assumed usually [5, 3] , our results depend only on the point x = γ(t) but not on the map γ itself; otherwise, as for different γ the point x = γ(t) may be different, the theory depends explicitly on the observer's world line γ : J → M and it (or, more precisely, the bundle (F , π, M )) has to be restricted on the set γ(J).
In the Hilbert bundle description the transition from the Schrödinger picture to the Heisenberg one is by means of (2.4) and (2.15), while in the Hilbert space description it is via (2.7) and (2.12). A feature of the former description is that in it the Heisenberg picture is 'locally' identical with the Schrödinger one in a special field of bases characterized by any one of the equations in (2.3).
An interesting interpretation of the Heisenberg picture can be given in the fibre bundle morf (F , π, M ) = (F 0 , π 0 , M ) of bundle morphisms of (F , π, M ) (see subsection 2.1). Since U is a transport along paths in the fibre bundle (F , π, M ), then, according to [6, equation (3. 12)], it induces a transport • U along paths in morf (F , π, M ) whose action on a morphism 
A simple calculation shows that in a local field of bases the matrix of
where Γ γ (s) := Γ b a (s; γ) := ∂U γ (s, t)/∂t| t=s is the matrix of the coefficients of U (not of • U !). From here, using (II.2.21) and (II.3.10), one, after some matrix algebra, finds the explicit form of (2.19): 
By the way, this equation is also an almost trivial corollary of (2.19), (2.17), and (I.3.1). Now the analogue of (II.2.25) is
From here and (2.18), we derive the bundle Heisenberg equation of motion (for the observables) as
which is another equivalent form of (2.10). 
is the left inverse of V γ (s, t). A simple calculation shows that
where (I.4.10) was used, t 1 ∈ J, and
Thereof the pairs (Ψ γ (t), A γ (t)) and (Ψ V γ,t (t 1 ), A V γ,t (t 1 )) provide a fully equivalent description of a given quantum system. The latter description can be called the V -picture of motion. For t 1 = t and V γ (t, t) = id F γ(t) it coincides with the Schrödinger picture and for t 1 = t 0 and V γ (t 0 , t) = U γ (t 0 , t) it reproduces the Heisenberg picture.
The equations of motion in the V -picture cannot be obtained directly by differentiating (2.26) and (2.27) with respect to t because derivatives like ∂V γ (t 1 , t)/∂t are not ('well') defined due to V γ (t 1 , t) : F γ(t) → F γ(t 1 ) . They can be derived by differentiating the corresponding to (2.26) and (2.27) matrix equations, but we prefer the below-described method which explicitly reveals the connections between the conventional and the bundle descriptions of quantum evolution.
The analogues of (2.25), (2.26), and (2.27) in the Hilbert space F, which is the typical fibre of (F , π, M ), are respectively:
where
, that is we have (cf. (I.5.10))
The description of the quantum evolution via ψ V t (t 1 ) and A V t (t 1 ) is the V -picture of motion in F. Besides, due to (I.4.2), (II.3.1), and (2.26)-(2.31), we have: 
we find the state vector's equation of motion in the V -picture as
is the V -form of (2.34). The equation of motion for the observables in the V -picture in F is obtained in an analogous way. Differentiating (2.30) with respect to t and applying (2.38), we find
Now the bundle equations of motion in the V -picture are simply a corollary of the already obtained ones in F. In fact, differentiating the first equalities from (2.32) and (2.33) with respect to t and then using (2.36), (2.39), (2.32), and (2.33), we, respectively, get:
, are the modified and the 'additional' Hamiltonians in the V -picture (cf. (2.34), (2.27), and (2.33)). Now we consider briefly the evolution operator and transport in the Vpicture. In F and in (F , π, M ) they are define respectively by (cf. (I.2.1) and (I.5.7)) respectively. Substituting in (2.48) the equalities (2.31) and (I.5.10) and taking into account (2.47), we find the connection between the two evolution operators in the V -picture as U V γ (t, t 1 , t 0 ) = l −1 γ(t 1 )
• U V (t, t 1 , t 0 ) • l γ(t 1 ) . (2.50)
At the end of this subsection we want to notice that the derived here equations have a direct practical applications in connection with the approximate treatment of the problem of quantum evolution of state vectors and observables (cf. [3, ch. VIII, § 14]). Indeed, by (2.34) we have H(t) = V H(t, t 1 ) + H(t). We can consider H (0) (t) := V H(t 1 , t) = i ∂V −1 (t 1 , t) ∂t • V(t 1 , t) (2.51)
